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Abstract 
This paper is concerned with a result of Raymond and Vasquez that gives a classification of 
compact left-quotients of 3-dimensional Lie groups in terms of their Seifert invariants. By a simple 
argument involving rotation numbers of a vector field transverse to the Seifert fibration, we prove 
their main result, the classification of left-quotients of the simple Lie groups %Z and SU(2). As 
an application of this proof, we give a classification of Seifert fibred 3-manifolds which admit a 
contact form such that the fibration is a Legendre fibration. 
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1. Introduction 
There is a well-known correspondence between Seifert fibred 3-manifolds and six of 
the eight 3-dimensional Thurston geometries [5]. The appropriate geometry for a Seifert 
manifold M which fibres over an orbifold B is determined by the sign of the orbifold 
characteristic x(B) and the vanishing or nonvanishing of the Euler number e of the 
Seifert fibration. 
In particular, any compact quotient manifold M = r\,$&, where z2 denotes the 
universal covering of SL2Iw and F is a discrete subgroup of the identity component 
Iso~(,?&) of the isometry group of z2, is a Seifert fibred 3-manifold, with Seifert 
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fibration of nonzero Euler number e and orientable base orbifold B of negative orbifold 
characteristic x(B). That is, if we denote the normalized Seifert invariants of A4 by 
then 





Conversely, a Seifert manifold M (over an orientable base orbifold B) whose Seifert - 
invariants (1) satisfy conditions (2) and (3) is a quotient M = r\SLz with r a discrete 
subgroup of Isoma (Ez). 
The geometry az is a unimodular Lie group, and many of the compact quotients of 
,!& are obtained from the action of discrete subgroups of z2 by left multiplication. 
In [4] Raymond and Vasquez give a complete classification of such left-quotients in terms - 
of certain numerical conditions on the Seifert invariants of M = r \ SLz (and quotients 
of other 3-dimensional Lie groups) which are satisfied if and only if M is a left-quotient. 
Such left-quotients arose naturally in our work [2] on the classification of 3-manifolds 
admitting certain circle families of contact forms. Parts of the argument there suggested 
a different approach to the theorem of Raymond and Vasquez via rotation numbers of 
a certain vector field transverse to the Seifert fibration. In the present paper we give 
a self-contained proof of this theorem which reduces the problem to two key ideas: A 
topological lemma establishing an equivalence between the triviality of a certain oriented 
plane bundle and M being a left-quotient (Lemma 9), and a counting of rotation num- 
bers, implying an equivalence between the triviality of that same plane bundle and the 
numerical conditions given by Raymond and Vasquez (Lemma 8). 
In Section 5 we use this proof to give a classification of Seifert fibred 3-manifolds 
whose fibres are integral curves of a suitable contact structure. 
2. The theorem of Raymond and Vasquez 
The Lie group ,?& is a line bundle over the hyperbolic plane H = {Z E C: Im z > 
0). The isometry group Isoma(&) consists of z2 acting by left multiplication and 
translations in the fibre. A subgroup Z C R of this group of translations can be realized 
by left multiplication, that is, Isoma(%z) = E2 xz R (cf. [5]). 
The main theorem of Raymond and Vasquez [4] is concerned with quotients of the sim- 
ple Lie groups %2 and SU(2). We only state it for %2; the statement for SU(2) (where 
x(B) > 0 and e # 0) is essentially the same (except for the fact that lens spaces have 
many different representations as Seifert manifolds), and the proof completely analogous - 
to the one we give in the SL2 case. 
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Theorem 1. Let r be a discrete subgroup of Isoma(%z) acting freely on ,.?& with 
compact quotient manifold M = F\SLz. D enote the Secfert invariants of M by 
{g;b; (Ql,Pl), “‘, (%&,}. 
Then M is diffeomorphic to a left-quotient I’0 \ S-L;? of S-L2 under the action of a discrete - 




r,& = cY( - 1 + kiCKi. (**) 
Our proof of this theorem is based on the following proposition. 
Proposition 2. The Lie algebra s/z has a basis el, e2, es with the following properties. 
(i) The vector$eld e3 on S-L2 is preserved by every element in Isomc(SL2), and the 
induced vector field 63 on a compact quotient M = r\SL2, with r a discrete subgroup 
of Isomo(SL2) acting freely on SL2, is tangent to the Seifert Jibration of M. - 
(ii) The oriented plane bundle {el, e2} on SL2 is preserved by every element in 
Isomc(SL2), and the induced oriented plane bundle V on M = r\SL2 is trivial tf 
and only if M is diffeomorphic to a left-quotient ro \ SL2. 
We defer the proof of this proposition to Section 4. 
A standard reference for the theory of Seifert manifolds is 131. We follow the brief 
exposition in [l], which is sufficient for our purposes. 
Consider a Seifert fibration x : M + B, where M has Seifert invariants (1). Remove n 
discs D1, . . . , D, from B around the n cone points corresponding to the multiple fibres 
of this fibration. After removing an additional disc DO, we can find a section 
o:B-(Dou... uD,) -+ M- (Tou...uT,), 
where the Ti are solid tori in M over Di c B. Write Ba = B - (DO U . . ’ U Dn). 
Set ai = o(aDi) and write Ti = 0: x S’. Let ei = aD: x {pt.} be a meridian of aTi 
and let hi be a fibre of the Seifert fibration in aTi. 
The curve ai meets hi in exactly one point, hence (ai, hi) is a basis of 7rt (aTi). 
The section u can be chosen in such a way that 
aa = a0 + bho (4) 
and 
ai=aiai+P,hi, i= l,...,n (5) 
(cf. [ 1, p. 321) where we use the same symbols for closed curves and the classes they 
represent in ~1 (aTi). 
120 H. Geiges, J. Gonzulo / i’bpology and its Applications 66 (1995) I1 7-127 
3. Rotation numbers 
Let M = r \ E2 be a quotient of S?Q under a discrete subgroup r of the isometry 
group Isome( By Proposition 2 there is an oriented plane distribution 2) in TM 
transverse to the Seifert fibration 7r : M + B. We shall use this orientation (which also 
defines an orientation of B) to count rotation numbers. 
The proof of Proposition 2 will show that any element of Isomc(S&) rotates the 
vectors ei , e2 uniformly, thus g(e;, ej) = &j, i = 1,2 defines a metric on {ei, e2) which 
descends to ID and in turn to B, such that the differential T* : V --+ TB is a local isometry. 
We shall measure angles L(., .) and lengths with respect to this metric. 
The simple closed curves ai, i = 0,. . . , n, can be thought of as parametrized curves 
of period 1, 
S’ = R/Z + 111, t e ai( 
and the same is true for ai and hi. 
We may assume that ai is never tangent to <3 and that 0: is embedded in Ti 
transversely to the Seifert fibration. Indeed, equations (4) and (5) may be read on the 
level of parametrized curves if we think of aTi as R2/Z2, with ai being translation 
by t in the first factor and hi(t) translation by t in the second factor. 
For each i = 0,. . . , n, choose a trivialization STDi E Di x S’ of the unit tangent 
bundle of B restricted to Di. This allows to identify a unit vector q(z) E T,Di for some 
z E Di with an element in S’. Similarly, choose trivializations SDlD: 2 0: x S’ of the 
bundle of unit vectors in D over 0:. 
Definition 3. Let < be a unit vector field in DlaTi and y(t), t E S’, a closed curve in 
aTi = n-‘(aDi). 
The rotation number of < along y with respect to Di, denoted by n([, y, Di), is the 
degree of the map 
s’ -+ s’, t t-+ rr* (E O $9) 3 
where S’ on the right-hand side corresponds to the trivialization STDi s Di x S’. 
The rotation number of [ along a, = aD: with respect to D:, denoted by n([, ai, D:), 
is the degree of the map 
s’ -3 s’, t H C 0 G(t), 
where S’ on the right-hand side corresponds to the trivialization SLVlD: FZ 0: x S’. 
Notice that the rotation number n([, y, Di) only depends on the homotopy class of y 
in aTi, since the degree of a map is a homotopy invariant. The rotation number with 
respect to 0: is only defined along ai = aD:. 
We shall see that the relations between the curves ai, ai and hi in equations (4) and (5) 
translate into equations (*) and ( ** simply by counting rotation numbers of a suitable ) 
vector field [. 
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First we need three elementary lemmas. 
Lemma 4. Let y1 (t), 72(t), t E S’, be two closed curves in aTi for some i = 0, . , n, 
and let 73(t), t E S’, be a closed curve in aTi which represents the sum of the homology 
classes of 71 and 72 in Ht (aTi). Suppose that < is as in Definition 3. Then 
Proof. By its definition, the rotation number n([, y, Oi) only depends on the homotopy 
class of y in aTi and hence its homology class. Thus, we may assume that yt and 72 
share the same basepoint yt (0) = 72(O), and we can take ys to be the curve defined by 
.y3(t) = y1(2t)y 0 < t < l/2, 
y2(2t - I), l/2 < t < 1. 
This implies the lemma. 0 
Lemma 5. Let [ be a unit vector field in al7r-‘(Bo). Then the rotation number 
n(<, hi, D;) does not depend on i. 
Definition 6. We call this number thefibre index r of [. 
Proof of Lemma 5. Given any two discs Di, Dj, join them by a small strip in B to 
form a larger disc Dij. Any trivialization of TDi and TDj extends to a trivialization 
of TDij. Observe that hi and h.j are homotopic in r-l (Dij). The lemma now follows 
from the homotopy invariance of n(<, y, Dij). 0 
Lemma 7. n(c, Gy Di) = n(<, G, D:) + (pi - 1, i = 0,. . . ,n, where we set CQ = 1. 
Proof. (a) Let hi(t) be the tangent vector to the curve ai( and let <o(ai(t)) be the 
vector obtained by projecting hi(t) along &(ai(t)) onto D(ai(t)) and normalizing its 
length to 1. Since ai bounds D:, we have 
n(&,, ui, D:) = 1. 
Now 7r,&(ui(t)) is th e unit tangent vector to aDi at T(ai(t)), and since nui(t), t E S’, 
covers aDi precisely oi times, we have 
n(<o, ai, Di) = CX~ = n([o, ui, 0:) + CE~ - 1. 
(b) Given any two vector fields <, [* as in Definition 3, the relative rotation number 
along oi with respect to D:, 
n(<,ui,D:) -n(J*,ui,D:), 
is the degree of the map 
s’ + s’, t ++ L(< 0 ai(t) 0 Ui(t)). 
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The relative rotation number with respect to Di, 
n(<, ai, Di) - n(<*, ai, Di), 
is the degree of the map 
9 -+ s’, t,L(~*(loai(t)),~*(~*oai(t))). 
Since rr* : V -+ TB is isometric, these relative rotation numbers are the same. 
The lemma follows by combining (a) and (b). 0 
The crucial step in the proof of Theorem 1 is contained in the following lemma. 
Lemma 8. Let [ be a unit vector field in Vl7r-‘(Bo) with n([, ai, Di) = -ki, i = 
1 . . 1 n, and$bre index r. Then < extends to a nonvanishing vector field in 2) over the 
iiole of iI4 (giving a trivialization of V) if and only if conditions (*) and (**) are 
satisjed. 
Proof. First of all we observe that 
n(<, ao, Do) = 2 - 29 + 2 ki 
i=l 
since 7~,([la(Bo)) h as no singularities in Bo and all the rotation numbers n(<, ai, Di), 
i = 0, . , n, have to add up to the Euler characteristic 2 - 2g of B. 
Now use Lemma 4 to count rotation numbers in (4) with respect to Do. This yields 
n(l, ~0, DO) = n(t, ao, DO) + bn(E, ho, DO) 
= 2 - 2g + 2 Ici + br. 
i=l 
By Lemma 7, n([,oo, DO) = n(<,ao, Dh), hence equation (*) is equivalent to 
n(& aa, DA) = 0, which is precisely the condition for 5 to extend as a nowhere zero 
section of VITO, since a0 bounds 0;. 
Similarly, we count rotation numbers in (5) with respect to Di. We find 
n(E, oi, Di) = oi n(E, a,, Di) + Pi n(<, hi, oi) 
= -oiki + /$r. 
But n(l, oi, Di) = n(<, ai, 0:) -+- ai - 1 by Lemma 7, hence equation (**) is equivalent 
to n(<, ui, 0:) = 0, and this is exactly the condition for [ to extend as a nowhere zero 
section of VITi. 0 
Proof of Theorem 1. Suppose M = r \ s^z is diffeomorphic to a left-quotient TO \ E2 - 
of SL;?. This diffeomorphism may be assumed fibre-preserving [3]. Then the vector 
fields et, e2 induce vector fields Et, (2 transverse to the Seifert fibration of M. Set ki = 
-n(<t , i3i, Di), i = 1, . , n, and suppose that the fibre index of Et is r. Equations (*) 
and (**) are now a consequence of Lemma 8. 
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Conversely, given any quotient A4 = r \ S& of S$_ under a discrete subgroup 
r c Isome( we can always choose a vector field e in D/~v’(&) as in Lemma 8. 
If equations (*) and (**) hold, then 23 is a trivial bundle by Lemma 8 (as an orientable 
plane bundle with a nowhere zero section), and hence M is diffeomorphic to a left- 
quotient Fe \ S% by Proposition 2. 0 
4. Proof of Proposition 2 
(i) There is a free S’-action on SLzR from the right given by 
This defines a left-invariant S*-fibration of SL$ over the hyperbolic plane H, which 
can be written explicitly as 
ai + b 
*-. 
ci + d 
This St-fibration is determined by the element 
in the Lie algebra ~12. 
We set 
This defines a basis of s/z, the es-direction defines the IR-fihres of S& --t H, and we 
have 
[et, e21 = -e3, [e2, e3] = el, [e3, el] = e2. (6) 
This basis is of course preserved by the %z-component of Isome = ,Y?& XZR. The 
R-component acts as the flow of es by translations in the fibre direction of S& + H. 
These fibres descend to the S’-fibres of M = r\E, (cf. [5]). Notice that equations (6) 
imply that the flow of e3 rotates the pair of vectors et, e2 uniformly. This proves part (i) 
and the first half of part (ii) of the proposition. 
(ii) The main step in the argument here is the following topological lemma. This lemma 
appears to be well known, but we are not aware of any explicit reference and include a 
proof for the reader’s convenience. Also, the statement is best phrased in terms of complex 
line bundles instead of real 2-plane bundles (see in particular Proposition 10 below). 
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Recall that complex line bundles are classified topologically by the first Chern class cl. 
In particular, a complex line bundle .C is topologically trivial if and only if ci (C) = 0. 
Lemma 9. Let v be the universal covering of a manifold V with covering transformation 
group G. Suppose that n,(v) = 0 and that G is finitely presented. Form the quotient 
v x e/ N) 
(z, 2) - (sz, cLW’z)> g E G, 
where p E Hom(G, C*). This defines a complex line bundle L over V, associated to the 
principal G-bundle c + V. 
Zfcl(l) = 0, then plTG ab = 0 where TGab denotes the torsion part of the abelian- , 
ization Gab of G. 
Conversely, if bl (V) < 1 and pITGab = 0, then CI (L) = 0. 
Proof. Since @* is abelian, the homomorphism ,u factors as 
p:GZjGabIf;C*. 
The line bundle C is associated to the principal G-bundle v over V, and hence can be 
obtained as the pull-back of the universal line bundle over B@* under a classifying map 
Since v is 2-connected, the map f induces isomorphisms on ~1 and 7~. Hence, f * is 
an isomorphism on H2 by the Whitehead theorem [6]. 
Since G is finitely presented, we have Gab = TGab x FGab, where F denotes the 
free part of an abelian group. Hence, 
~~ ( BG~~) E ~~ ( BTG=~ x BFG~~) 2 H~(BTG~~) e H~(BFG~~) 
by the Ktinneth theorem since 
H’ (BTG~~) 2 FH, (BTG~“) $ TH@TG”~) = 0. 
This implies that every complex line bundle over BGab is isomorphic to the tensor 
product of a line bundle pulled back from BTGab and a line bundle pulled back from 
BFGab. 
Furthermore, (BP)* induces an isomorphism 
H~(BTG~~) z TH~(BG~~) E TH, (BG”~) z THY E THY. 
Thus from the well-known fact that complex line bundles over BTGab are classified by 
the group Hom(TGab, Cc* ) (see, for example, [8, p. 67]), we conclude that if cl(C) = 0, 
then pITGab = 0. 
Conversely, if bi (V) = 1, then 
H2(BFGab) = H2(BZ) = H2(S1) = 0; 
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if bl (V) = 0, then 
H2(BFGab) = Hz(*) = 0. 
Hence pITGab = 0 implies cl (13) = 0. 0 
Now consider a quotient M = r \ E2 with r c Isomo(z2) discrete. The group r 
has the following presentation (cf. [3]): 
r= 
{ 
ul,ul ,..., ug,wg,qI ,..., qn,hl hcentral, qTjhPJ = 1, 
It is a straightforward check that in the abelianization Tab we have the relation 
h”l”‘“ne = 1. Hence, Tab has 2g free generators ~1, WI, . . . , ug, vg and torsion gen- 
erators ql, . . , qn, h. 
It follows from the discussion in [3] that the 2g generators ZQ, ZJ~ may be assumed to 
lie in E2 without changing the diffeomorphism type of M. (In general, the pi, pi differ 
from elements of ,?& by a translational component in the R-direction of Isomo(,?&) = 
,%2 xZ R, which should be interpreted as a translational monodromy. However, this R- 
component can be changed continuously without affecting the relations in r = ~1 (M), 
and from the interpretation as translational monodromy it is intuitively clear that this 
does not change the diffeomorphism type of M.) 
Hence, it remains to show that the torsion generators of Tab act trivially on the plane 
bundle {el , ez} if and only if they lie in ,%2 c z2 xz IR. But this follows immediately 
from the fact that the flow of e3 rotates the basis el, e2 uniformly, thus only translations 
by elements in a subgroup Z c IR preserve this basis. Equations (6) imply that the 
generator of this subgroup Z corresponds to the time 27r flow of e3, which corresponds 
to 0 = r by the definition of e?, that is, a rotation of the fibres of SL$ + H by n, 
or a full turn of the fibres of PSL2IR + H, which is precisely the generator of Z in 
sL2 xz R (cf. [5]). 0 
Originally we were led to Lemma 9 by our classification of certain complex surfaces 
with trivial Chern classes, see [2] for more details. Together with Wall’s [9] study of 
geometric structures on complex surfaces and by applying Lemma 9 to the canonical line 
bundle of a complex surface, it is not hard to deduce the following proposition. 
Proposition 10. Let X be ff compact properly elliptic surface (that is, an elliptic sulfate 
of Kodaira dimension K. = 1) with odd first Betti number bl (X). Furthermore, suppose 
that X is difleomorphic to a 4-manifold of the form M’ x 5”. Then X is diffeomorphic to - 
a 4-manifold (r \ SLz) x 5” with r a discrete subgroup of S-L2 ifand only ifcl (X) = 0. 
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5. Legendre fibrations 
In this section we want to point out an interesting connection of our proof with contact 
geometry. Note that the equations (6) can be interpreted as nonintegrability conditions on 
the plane distributions spanned by any two of the vector fields et, e2, es. In other words, 
the l-forms wi on ,?& defined by wi (ej) = Sij are contact forms, that is, they satisfy 
wi A dwi # 0, and it is easy to check that dwi(e,, -) = 0, so ei is the Reeb vector field 
Of Wi. 
These forms descend to any left-quotient M = r\S%2, with Reeb vector fields 
<I, &, & induced from el, e2, el. Since the vector field & is contained in the contact 
distribution ker wr , the nonintegrability of this distribution implies that the contact planes 
rotate under the flow of &. This forces <r to make at least one full turn as we go around 
an S’-fibre of M, so it is clear a priori that T # 0. 
In the present situation (that is, for left-quotients of ,?& or SU(2)), the condition 
T # 0 follows of course from (*) and (**), and our proof of the theorem of Raymond 
and Vasquez does not use the fact that <r is the Reeb vector field of a contact form. 
However, the observation that equations (*) and (**) hold with T # 0 for any Seifert 
fibred 3-manifold whose fibres are integral curves of the contact distribution kerw of a 
contact form w (such curves are called Legendre curves of ker w) allows to rule out the 
existence of such a contact form w on most Seifert manifolds. 
Corollary 11. Let M be a compact, orientable SeifertPbred 3-mani$old (with orientable 
base orbifold). Then M admits a contact form w such that the Seifert fibration is a 
Legendre$bration, that is, by integral curves of ker w, if and only if M is diffeomorphic 
to one of the following. 
(i) A left-quotient of SL2. 
(ii) A left-quotient of SU(2). 
(iii) A T2-bundle over S’ with periodic monodromy. 
Remark. This corollary complements the results due to Thomas [7] on Seifert fibred 
3-manifolds which admit a contact form w such that the Seifert fibration is given by the 
flow of the Reeb vector field associated with w. 
Proof. As mentioned in the introduction, there are six classes of Seifert fibred 3- 
manifolds [5], distinguished by the sign of x(B) and whether e = 0 or e # 0 (and 
each corresponding to a particular Thurston geometry)_l 
For x(B) < 0 and e # 0 we obtain quotients of SL2 under a discrete subgroup of 
Isomc(&), and our proof of the theorem shows that only left-quotients admit a contact 
form with the desired properties. 
For x(B) > 0 and e # 0 we have quotients of SU(2), and again only left-quotients 
among them admit a suitable contact form. 
For x(B) = 0 and e = 0 we obtain class (iii). This class contains only five manifolds, 
and they arise as left-quotients of the Euclidean group of orientation preserving isometries 
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of Iw*. The contact forms that give A4 the structure of a Legendre fibration are obtained 
by a Lie algebra construction analogous to that for left-quotients of z2, see [2]. 
Finally, note that equations (*) and (**) combine to yield re = x(B)_ Hence, we 
can immediately rule out the cases with e = 0 and x(B) # 0, and the case e # 0 and 
x(B) = 0 is impossible because of r # 0. •I 
See [2] for more on the geometric relevance and consequences of the type of argument 
employed here. It is intriguing to observe that exactly the same list of manifolds as in 
the corollary above arises in the main classification theorem of [2], which classifies 3- 
manifolds M (with no a priori assumption on M being Seifert fibred) that admit a pair 
of contact forms (WI, ~2) such that w,,t = swi + tw2 is a contact form with the same 
volume form w,,t A d~,,~ for any s, t with s* + t* = 1. 
We believe that this can be interpreted as evidence that contact geometry may well 
turn out to have important applications to 3-manifold topology in general and Thurston’s 
geometrization conjecture in particular. 
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